We study systems of equations in different classes of solvable groups. For each group G in one of these classes we prove that there exists a ring of algebraic integers O that is interpretable in G by systems of equations (e-interpretable). This leads to the conjecture that Z is e-interpretable in G and that the Diophantine problem in G is undecidable. We further prove that Z is e-interpretable in any generalized Heisenberg group and in any finitely generated nonabelian free (solvable-by-nilpotent) group. The latter applies in particular to the case of free solvable groups and to the already known case of free nilpotent groups.
Introduction
In this paper we study systems of equations in different families of solvable groups. For each group G in one of these families we interpret by systems of equations (e-interpret) a ring of algebraic integers O in G. There is a long standing conjecture [9, 37] stating that Z is Diophantine in any such O. This conjecture carries over to G, and if true it implies that the Diophantine problem (decidability of systems of equations) in G is undecidable. Recall that a ring of algebraic integers is the integral closure of Z in a finite field extension of Q.
The Diophantine problem (also called Hilbert's tenth problem) in a structure R, denoted D(R), asks whether there exists an algorithm that, given a system of equations S with coefficients in R, determines if S has a solution in R or not. The original version of this problem was posed by Hilbert for R the ring of integers Z. This was solved in the negative in 1970 by Matyasevich [29] building on the work of Davis, Putnam, and Robinson [7] . Subsequently the same problem has been studied in a wide variety of rings, for instance in Q and in rings of algebraic integers O, where it remains open. The conjecture that Z is Diophantine in any such O [37, 9] (and thus that D(O) is undecidable) has been verified in some partial cases [49, 50] , and it has been shown to be true assuming the Safarevich-Tate conjecture [30] . We refer to [38, 37, 50] for further information on the Diophantine problem in different rings and fields of number-theoretic flavour. In [16] we studied the same problem in more general rings and algebras (possibly non-associative, non-commutative, and non-unitary), obtaining analogous results to the ones in this paper. Indeed, the present paper may be read as a continuation of [16] .
Systems of equations and their decidability have also been widely studied in other structures such as finitely generated groups. Within the class of solvable groups, Romankov [43, 42] first showed that the Diophantine problem is undecidable in any free metabelian group and in any free nilpotent group of class at least 9, both of countable rank (he actually proved that single equations are undecidable in these groups). Variations and improvements of this result were obtained subsequently [2, 14, 52] , until the recent work of Duchin, Liang and Shapiro [13] , where it was shown that D(N ) is undecidable in any f.g. nonabelian free nilpotent group N . See [46] for a survey of these and more results. Stepping outside the realm of systems of equations, Noskov [36] showed that the first-order theory of any finitely generated non-virtually abelian solvable group is undecidable. On the other hand, Ershov [15] proved that a f.g. virtually abelian group has decidable such theory. The papers [44] and [5] contain results of a similar flavour to the ones presented in this paper: decidability of the universal theory of a free nilpotent group or a free solvable group of class at least 3 implies decidability of the Diophantine problem in the rational numbers Q, a major open problem.
In solvable groups systems of equations are fundamentally different from single equations. For instance the former are undecidable in the Heisenberg group (i.e. the free nilpotent group of nilpotency class 2 and of rank 2), while single equations are decidable in it [13] . This contrasts with most number theoretic settings, where the two notions are used interchangeably because they are equivalent in integral domains (provided the field of fractions is not algebraically closed). Much of the research regarding equations in solvable groups has focused so far in single equations (see for example the recent survey [46] ), indeed Romankov's aforementioned results [42, 43] (and also Truss' [52] ) actually prove that single equations are undecidable in the corresponding group G (of course this implies that D(G) undecidable). The allowance of multiple equations enriches significantly the expressiveness of the formulas at hand, and it is fundamental for our approach.
The line of results described previously changes drastically outside the class of solvable groups: the work of Makanin and Razborov [26, 39] shows that D(F ) is decidable for any free group F , and it further provides a description of the solution set to an arbitrary system of equations in F (interestingly, systems of equations and single equations are equivalent notions in F ). Analogous work has been made for other non-solvable groups, such as hyperbolic groups [40, 6] , partially commutative groups [3, 12] , and some free and graph products [4, 11] . See [21] for further results in this area. In [25] it is shown that systems of quadratic equations are decidable in the first Grigorchuk group.
We proceed to state the main results of the paper. In all of them we consider certain types of groups, and we prove that for any such group G there exists a ring of algebraic integers O e-interpretable in G, from where it follows that D(O) is reducible to D(G). We conjecture that in this case the ring Z is e-interpretable in G, and consequently that the Diophantine problem in G is undecidable.
Theorem 1.1. Let G be a finitely generated non-virtually abelian nilpotent group. Then there exists a ring of algebraic integers O e-interpretable in G, and D(O) is reducible to D(G). If otherwise G is virtually abelian, then D(G) is decidable.
For nilpotency class 2, this result is proved by considering the largest ring of scalars R of the bilinear map
. It then follows from [16] that R is e-interpretable in G. By this same reference, there exists a ring of algebraic integers e-interpretable in R, and hence in G by transitivity. We refer to Section 3 for further details regarding these results and the notion of largest ring of scalars. Higher nilpotency class is easily reduced to class 2 using that γ 3 (G) has finite verbal width (γ i (G) denotes the i-th term of the lower central series of a group G). For this case a similar possible approach using the largest ring of scalars of G is discussed in Remark 4.8.
We further use the above methods to prove that the ring Z is e-interpretable in any finitely generated non-abelian free nilpotent group, a result that is already implicit in the work of Duchin, Liang and Shapiro [13] .
We also prove the following Proposition 1.2. Let G be a finitely generated nilpotent group such that G ′ /γ 3 (G) has torsion-free rank at most 2. Then the ring Z is e-interpretable in G, and D(G) is undecidable.
Combining this with a result from [13] we obtain that if G is a f.g. non-virtually abelian nilpotent group of class 2 with infinite cyclic commutator, then D(G) is undecidable, while single equations are decidable in G. This applies in particular to any nonabelian generalized Heisenberg group (this was already obtained in [13] for the classical Heisenberg group).
For any group G and any i ≥ 1, the quotient G/γ i (G) is a nilpotent group. If additionally γ i (G) is e-definable in G (for example if G is verbally elliptic -see Subsection 2.2) then G/γ i (G) is e-interpretable in G, and the previous results can be carried over to G by transitivity of e-interpretations. This yields the following Say that a group has property (A) if all its abelian subgroups are finitely generated. We shall see that this is equivalent to saying that any nilpotent subgroup is contained in a maximal nilpotent subgroup, or that any solvable subgroup is polycyclic. An iterated application of Items 3 and 4 allow one to construct "arbitrarily complex" groups where Z or O is e-interpretable, for O a ring of algebraic integers. Furthermore Item 4 allows to extend Theorem 1.1 to the class of finitely generated virtually nilpotent groups.
From the above and from the fact that any polycyclic group is (nilpotent-byabelian)-by-finite we obtain the following This extends Romankov's result that f.g. free metabelian groups have undecidable Diophantine problem [43] (in fact Romankov proves the stronger result that single equations are undecidable in free metabelian groups of countable rank). We always assume that A contains the relations "equality in A i " for all sorts A i . If A has only one sort then A is a structure in the usual sense. One can construct terms in a multi-sorted structure in an analogous way as in uniquely-sorted structures. In this case, when introducing a variable x, one must specify a sort where it takes values, which we denote A x .
Preliminaries

Interpretations by systems of equations
Multi-sorted structures
Let A 1 , . . . , A n be a collection of multi-sorted structures. We let (A 1 , . . . , A n ) be the multi-sorted structure that is formed by all the sorts, functions, relations, and constants of each A i . Given a function f or a relation r we use the notation (A, f ) or (A, r) with a similar meaning. If two different A i 's have the same sort, then we view one of them as a formal disjoint copy of the other.
Diophantine problems and reductions. Let A be a multi-sorted structure. An equation in A is an expression of the form r(τ 1 , . . . , τ k ), where r is a signature relation of A (typically the equality relation), and each τ i is a term in A where some of its variables may have been substituted by elements of A. Such elements are called the coefficients (or the constants) of the equation. These may not be signature constants. A system of equations is a finite conjunction of equations. A solution to a system of equations
The Diophantine problem in A, denoted D(A), refers to the algorithmic problem of determining if each given system of equations in A (with coefficients in a fixed computable set) has a solution. Sometimes this is also called Hilbert's tenth problem in A. An algorithm L is a solution to D(A) if, given a system of equations S in A, determines whether S has a solution or not. If such an algorithm exists, then D(A) is called decidable, and, if it does not, undecidable. In this paper all structures are finitely generated (thus computable) and the set of allowed coefficients is always taken to be the whole structure.
An algorithmic problem P 1 is said to be reducible to another problem P 2 if a solution to P 2 (if it existed) could be used as a subroutine of a solution to P 1 . For example,
D(Z) is undecidable, and hence D(A) is undecidable for any structure A such that D(Z) is reducible to D(A).
Interpretations by systems of equations Interpretability by systems of equations (e-interpretability) is the analogue of the classic notion of interpretability by first-order formulas (see [19, 28] ). In e-interpretability one requires that only systems of equations are used, instead of first-order formulas. As convened above, one is allowed to use any constants (not necessarily in the signature) in such systems of equations.
Let A be a structure with sorts {A i | i ∈ I}. A basic set of A is a set of the form A i 1 × · · · × A im for some m and i j 's. From the viewpoint of number theory, an e-definable set is a Diophantine set. From the viewpoint of algebraic geometry, an e-definable set is a projection onto some coordinates of an affine algebraic set. Example 2.2. Let G be a group generated by a 1 , . . . , a n . Then its center Z(G) is e-defined in G by the system of equations [x, a i ] = 1 (i = 1, . . . , n) on the variable x.
We are ready to introduce the notion of e-interpretability. 1. X i is e-definable in M, for all i.
2. For each function f and each relation r of A (including the equality relation of each sort), the preimage by φ = (φ 1 , . . . ) of the graph of f (and of r) is e-definable in M, in which case we say that f (or r) is e-interpretable in M.
The tuple of maps
The next two results are fundamental and will be used often without referring to them. They follow from Lemma 2.7 of [16] .
Proposition 2.4 (E-interpretability is transitive). If A is e-interpretable in B and B is e-interpretable in M, then A is e-interpretable in M.
Proposition 2.5 (Reduction of Diophantine problems). Let A and M be (possibly multi-sorted) structures such that A is e-interpretable in M. Then D(A) is reducible to D(M). As a consequence, if D(A) is undecidable (for instance if A = Z), then so is D(M).
One of the principal features of e-interpretability is that it is compatible with taking quotients by e-definable substructures. Before we see this let us agree on some terminology. Remark 2.6. When we say that a subgroup H of a group G is e-definable in G we will mean that H is e-definable as a set in G. Notice that in this case the identity map H → H constitutes an e-interpretation of H in G. Indeed, the graph of the group operation of H is e-defined in G by the equation z = xy, and similarly for the equality relation.
The following lemma may be read as an illustrative example of the notion of einterpretability. It can be generalized to any type of structure and its substructures.
Lemma 2.7. Let N be a normal subgroup of a group G such that N is e-definable in G. Then G/N is e-interpretable in G.
Proof. Let Σ(x, y) be a system of equations that e-defines N in G, so that g ∈ G belongs to N if and only if Σ(g, y) has a solution y. We check that the natural epimorphism π : G → G/N is an e-interpretation of G/N in G. First observe that the preimage of π is the whole G, which is e-definable in G by an empty system of equations. Regarding equality in G/N , the identity π(g 1 ) = π(g 2 ) holds in G/N if and only if g 1 g 
, is e-definable in G by the system Σ(x 1 , x 2 , y) obtained from Σ(x, y) after substituting each occurrence of x by x 1 x −1 2 , where x 1 and x 2 are new variables. By similar arguments, the preimage of the graph of multiplication in G/N is e-definable in G:
Groups and verbal width
As usual we write [x, y] = x −1 y −1 xy for the commutator of two elements x, y of a group G, and we let
We shall need the following auxiliary result.
Lemma 2.8 (Lemma 2.1 of [17] ). Any finitely generated nilpotent group with finite commutator subgroup is virtually abelian.
. . , g m ∈ G}. One says that w has finite width in G if there exists an integer n such that every g ∈ w(G) is equal to the product of at most n elements from w(G) ±1 . In this case w(G) is e-defined in G by the equation
which has variables x and {y ij , It is known that any finitely generated nilpotent, metabelian, or polycyclic group is verbally elliptic. More generally, any f.g. (abelian-by-nilpotent)-by-finite or (nilpotent minimax)-by-(abelian-by-finite) group is verbally elliptic. This includes the class of f.g. solvable minimax groups. These results are due to George, Romankov, Segal, and Stroud [18, 45, 48, 51] . Proofs can be found in Theorems 2.3.1, 2.6.1, and Corollary 2.6.2 of [48] , respectively. This same reference contains further results of this type for infinitely generated groups.
A group G is said to be minimax if it admits a composition series all of whose factors are finite, infinite cyclic, or quasicyclic (a group is quasicyclic if it is isomorphic to Z[1/p]/Z for some prime p). If all the factors are cyclic (finite or infinite) then G is polycyclic.
Largest ring of scalars of bilinear maps and rings of algebraic integers
Let A and B be abelian groups, and let f : A × A → B be a bilinear map between them. The map f is said to be non-degenerate if whenever f (a, x) = 0 for all x ∈ N , one has a = 0, and similarly for f (x, a). It is called full if the subgroup generated by the image of f is M . An associative commutative unitary ring R is called a ring of scalars of f if there exist faithful actions of R on A and B, such that f is R-bilinear with respect to these actions. More precisely, such that f (αx, y) = f (x, αy) = αf (x, y) for all α ∈ R and all x, y ∈ A. Let R be a ring of scalars of f . Since R acts faithfully on A and B, there exist ring embeddings R ֒→ End(A) and R ֒→ End(B). For this reason and for convenience, we always assume that a ring of scalars of f is a subring of End(A). We say that R is the largest ring of scalars of f if for any other ring of scalars R ′ of f , one has R ′ ≤ R as subrings of End(A). If f is full and non-degenerate then such ring exists and is unique [31] , and we denote it R(f ).
The notion of the largest ring of scalars of a bilinear map f was introduced by the second author in [31] . This ring constitutes an important feature of f , and in some sense it provides an "approximation" to interpreting (in (A, B; f )) multiplication of constant elements from N and M by integer variables. It has been used successfully to study different first order theoretic aspects of different types of structures, including rings whose additive group is finitely generated [32] , free algebras [22, 23, 24] , and nilpotent groups [33, 34] . For us the most important property of R(f ) is that it is e-interpretable in (A, B; f ): The previous result constitutes the first step towards e-interpreting rings of algebraic integers in different families of solvable groups (more generally, in structures that have a suitable bilinear map associated to them). The second step is given by the result below. By rank of a ring or an abelian group we refer to the maximum number of Z-linearly independent elements in it (considering the group with additive notation).
Theorem 3.2 (Theorem 4.9 and Remark 4.10 of [16]). Let R be an infinite finitely generated associative commutative unitary ring. Then there exists a ring of algebraic integers O e-interpretable in R. Moreover, the rank of O is at most the rank of R.
Combining the previous two theorems we obtain the following fundamental result. (A, B; f ) .
Corollary 3.3. Let f : A × A → B be a full non-degenerate bilinear map between finitely generated abelian groups, with B infinite. Then there exists a ring of integers O e-interpretable in
Diophantine problems in solvable groups
In this section we present our main results regarding systems of equations in solvable groups. The next lemma deals with the case when the group is virtually abelian.
Lemma 4.1 (Ershov, Proposition 6 of [15], see also [36]). Any finitely generated virtually abelian group has decidable first-order theory (with constants). In particular the Diophantine problem in such group is decidable.
Nilpotent groups
Nilpotency class 2
In a nilpotent group G of class 2 the commutator operation [·, ·] induces a full nondegenerate bilinear map between abelian groups:
Here Z(G) denotes the center of G. By Theorem 3.1 the largest ring of scalars R(f ) of f is e-interpretable in (G/Z(G), G ′ ; f ).
Definition 4.2. The ring R(f ) is called the largest ring of scalars of G.
Observe that if G is finitely generated, then both Z(G) and G ′ are e-definable in G (see Example 2.2 and Remark 2.9, respectively). Using Lemma 2.7 it follows that the two sorted structure (G/Z(G), G ′ ; f ) is e-interpretable in G (indeed the preimage of the graph of f is e-defined in G by the equation z = [x, y] ). Furthermore if G is not virtually abelian then G ′ is infinite due to Lemma 2.8. By Theorem 3.1, Corollary 3.3, and transitivity of e-interpretations we obtain the following Proposition 4.3. Let G be a finitely generated nilpotent group of nilpotency class 2.
Then the largest ring of scalars R of G is e-interpretable in G. If additionally G is not virtually abelian, then there exists a ring of algebraic integers that is e-interpretable in R, and also in G by transitivity of e-interpretations.
Of particular interest is the case when G is a finitely generated free nilpotent group of nilpotency class 2. We shall need the following definition.
Definition 4.4. An element g in a group G is said to be c-small (or centralizer-small) if C G (g) = {g t z | t ∈ Z, z ∈ Z(G)} and C G (g)/Z(G) is infinite cyclic (C G (g) denotes the centralizer of g in G).
We can now prove the following , α(xZ) ) for all α ∈ R and x ∈ G, this action stabilizes ker(f ). Hence for all α ∈ R there exists an integer t α such that αaZ(G) = a tα Z. The map R → Z defined by α → t α induces a group embedding between the additive groups of R and Z. On the other hand, Z is a ring of scalars of f (note that it acts faithfully on G/Z and G ′ ), and so Z embeds in R. It follows that R as a ring is isomorphic to Z.
The last statement of the proposition is due to the fact that any element of N not in Z(N ) is c-small.
Arbitrary nilpotency class
Suppose G is a finitely generated nilpotent group of nilpotency class at least 2. Then G/γ 3 (G) is e-interpretable in G and it is nilpotent of class 2 (see Remark 2.9). Now we can use the methods of the previous section, together with transitivity of e-interpretations, in order to obtain one of the main results of the paper.
Theorem 4.6. Let G be a finitely generated non-virtually abelian nilpotent group. Then there exists a ring of algebraic integers O e-interpretable in G, and D(O) is reducible to D(G). If otherwise G is virtually abelian, then D(G) is decidable.
Proof. The last statement of the theorem is a particular case of Lemma 4.1. Hence assume G is not virtually abelian, in which case G ′ is infinite by Lemma 2.8. This together with Corollary 9 of [47] makes G ′ /γ 3 (G) infinite as well, and again by Lemma 2.8 we obtain that G/γ 3 (G) is not virtually abelian. Due to Proposition 4.3, the largest ring of scalars R of G/γ 3 (G) is e-interpretable in G/γ 3 (G), and also in G by transitivity. Since G/γ 3 (G) is not virtually abelian, this same proposition implies that there exists a ring of algebraic integers O e-interpretable in R, and so also in G.
We proceed to study the case when G is a finitely generated nonabelian free nilpotent group of arbitrary nilpotency class c ≥ 2. Let us we write G = N c in this case. The next result (as well as the previous Proposition 4.5) is implicit in the work of Duchin, Liang and Shapiro [13] , and it is made explicit in Corollary 3.3 of [17] (which follows the approach of [13] ). Proof. By Proposition 4.5, the largest ring of scalars of N c /γ 3 (N c ) is Z, and it is einterpretable in N c /γ 3 (N c ). The latter is e-interpretable in N by Remark 2.9, and hence the result follows by transitivity of e-interpretations.
Remark 4.8. The notion of the largest ring of scalars of a nilpotent group G can be extended to any nilpotency class. This is achieved by considering a bilinear map which resembles the ring multiplication of the Lie ring of G, and which generalizes (2) . We refer to Subsection 3.3 of [34] for further details, omitting a full explanation here due to its technicality.
It may be possible to prove that such ring of scalars R is always e-interpretable in G. If so, then the previous results can be approached by considering R directly instead of taking first the quotient G/γ 3 (G). This approach would yield the same results presented above, but with an overall more involved exposition. Nevertheless it may be more adequate when studying finer aspects of systems of equations in G. We shall not pursue this nor use such R in this paper.
We next turn our attention to nilpotent groups G for which G ′ /γ 3 (G) has "small rank". Recall that by rank of an abelian group or a ring we refer to its maximum number of Z-linearly independent elements (considering the group with additive notation).
Proposition 4.9. Let G be a finitely generated non-virtually abelian nilpotent group. Suppose the rank of G ′ /γ 3 (G) is at most 2. Then the ring Z is e-interpretable in G, and D(G) is undecidable.
Proof. Let R be the largest ring of scalars of G/γ 3 (G). By Proposition 4.3, R is einterpretable in G/γ 3 (G), and thus in G as well, by Remark 2.9. Note that G/γ 3 (G) is not virtually abelian, for if A was an abelian subgroup of G/γ 3 (G) of index n, then G ′ /γ 3 (G) would be a finitely generated abelian group of exponent n 2 (to prove this use the identity [x, y] 
, which holds for any two elements x, y in a group of nilpotency class 2). This would make G ′ /γ 3 (G) a finite group, contradicting the assumption that it has rank 2. Hence by Proposition 4.3 there exists a ring of algebraic integers O e-interpretable in R with rank at most the rank of R. By transitivity, O is einterpretable in G as well. Let K be the number field of which O is the ring of algebraic integers. It is well known that the rank of O coincides with the degree |K : Q| of the extension K/Q. In [8] Denef proved that if K is a quadratic field (i.e. if |K : Q| = 2), then Z is e-interpretable in O (see also [10] ). Hence if we see that the rank of R is at most 2, then we will have proved that the ring Z is e-interpretable in O, and also in G by transitivity.
By definition, R acts faithfully by endomorphisms on G ′ /γ 3 (G). We claim that if the rank of a nontrivial finitely generated abelian group A is at most 2, then any commutative associative ring acting faithfully on it also has rank at most 2. The proof of the proposition will be finished once this claim is proved.
To prove the claim, first consider the case when A is torsion-free. Then either
is a commutative ring whose elements are 2 × 2 integer matrices. Let X and Y be two such matrices. Assume that they are not proportional to the identity matrix I. Since X and Y commute, elementary calculations show that αX + βY + γI = 0 for some integers α, β, γ not all of them 0. This implies that the rank of R is at most 2 and proves the claim for the case when A is torsion-free. Now we reduce the general case to the case when A is torsion-free. Let A be a finitely generated abelian group of rank at most 2, and let T be the torsion subgroup of A, i.e. the set of all elements of A of finite order. Then A/T is a torsion-free abelian group of rank at most 2. Notice that for any a ∈ T and r ∈ R we have ra ∈ T , hence R acts on A/T . Denote Ann R (A/T ) = {r ∈ R | rA ⊆ T }. Then R/Ann R (A/T ) acts faithfully on A/T , and thus by the paragraph above R/Ann R (A/T ) has rank at most 2. Since T is finite and A is finitely generated, Hom(A, T ) is finite (because each homomorphism from Hom(A, T ) is uniquely determined by its action on a set of generators of A). Hence Ann R (A/T ) ≤ Hom(A, T ) is finite. This implies that the rank of R is the same as the rank of R/Ann R (A/T ), which is at most 2, and finishes the proof of the claim.
The generalized Heisenberg group of rank n is defined as
Here N 2 denotes presentation in the variety of nilpotent groups of class 2.
Corollary 4.10. Let G be a finitely generated non-virtually abelian nilpotent group of nilpotency class 2. Assume that G ′ has rank one. Then the ring Z is e-interpretable in G, and D(G) is undecidable. On the other hand, single equations in G are decidable.
This result applies to any generalized Heisenberg group H n with n ≥ 2.
Proof. The undecidability part is a particular case of the previous Proposition 4.9. The decidability part is proved in Theorem 3 of [13] .
Verbally elliptic groups
For any group G and any i the quotient G/γ i (G) is nilpotent. If additionally it is e-interpretable in G and not virtually abelian, then one can e-interpret a ring of algebraic integers in G by means of the previous Theorem 4.6 and of transitivity of e-interpretations. In this subsection we explore this idea. 
Virtually abelian-by-nilpotent groups. This includes the class of all virtually
metabelian groups and all virtually nilpotent groups.
(Nilpotent minimax)-by-(abelian-by-finite). This includes the class of all solvable minimax groups, and of all polycyclic groups.
Then there exists a ring of algebraic integers O that is e-interpretable in G, and D(O) is reducible to D(G).
A definition of minimax group can be found at the end of Subsection 2.2.
Proof. Suppose G is verbally elliptic. Then G/γ j (G) is a finitely generated nilpotent group e-interpretable in G for all j, by Remark 2.9. One of these quotients is not virtually abelian by hypothesis, and hence the conclusions of the theorem hold after applying Theorem 4.6 and transitivity of e-interpretations. Items 2-4 are a particular case of Item 1, since all listed groups are verbally elliptic (see Remark 2.9).
Groups with maximal nilpotent subgroups
For brevity we will use the expression c-nilpotent as a replacement of "nilpotent of class at most c". 
where {e 1 , . . . , e m } is a generating set of H. Indeed, since H is c-nilpotent, every element x ∈ H satisfies (3). Conversely, if x ∈ G satisfies (3) then H, x is c-nilpotent by the observation above. Then by maximality we have x ∈ H. Hence H is e-definable in G.
We now provide some properties that guarantee the existence of maximal nilpotent subgroups. Proof. Clearly 1 implies 3. Suppose Condition 2 holds, and assume there exists a set S of c-nilpotent subgroups of G with no maximal element, so that S contains an infinite ascending chain of c-nilpotent subgroups N 1 < N 2 < . . . The group N = i N i is solvable because it is c-nilpotent, and hence it is polycyclic by Condition 2. This is a contradiction because polycyclic groups satisfy the max condition (i.e. they do not contain infinite strictly ascending chains of subgroups). Hence 2 implies 1.
Theorem 21.2.3 from [20] states that if all abelian subgroups of a solvable group are finitely generated, then the group is polycyclic. Therefore if Condition 3 holds then every solvable subgroup of G is polycyclic, and so 3 implies 2. Proof. Let H be the c-nilpotent subgroup of the statement. By Lemma 4.13, H is contained in a subgroup K ≤ G that is maximal among all c-nilpotent subgroups of G. This K is in turn e-interpretable in G by Lemma 4.12 (note it is finitely generated due to Condition 2). Moreover K is not virtually abelian, for if A is an abelian finite index normal subgroup of K, then A ∩ H is normal and abelian, and it has finite index in H (because H/A ∩ H embeds in K/A), a contradiction. The result then follows by Theorem 4.6 and by transitivity of e-interpretations.
We next provide some methods for obtaining groups that satisfy one (and hence all) of the three conditions of Proposition 4.13. Example 4.16. Any discrete subgroup of GL(n, R) (with respect to the topology induced by R) satisfies Condition 3. Indeed, all discrete solvable subgroups H of GL(n, R) are finitely generated [1] . This is true, in particular, when H is an abelian subgroup of G.
We remark that not all finitely generated subgroups of GL(n, R) are discrete in the induced topology. For instance Baumslag-Solitar groups provide examples of finitely generated solvable linear groups that are not polycyclic. Example 4.18. Any free product G = H 1 * · · · * H n of groups satisfying Conditions 1-3 satisfies, again, these same conditions. Indeed, it suffices to see that G satisfies Condition 3. By Kurosh theorem, any subgroup A of G has the form F * A 1 * · · · * A m for some m ≥ 1, some free group F , and some subgroups A i each of them conjugate to a subgroup of some H j i . In particular, if A is abelian then either A is infinite cyclic or A is conjugate to a subgroup of some H j . In both cases A is finitely generated, given that all the H j satisfy Condition 3.
A similar argument using Bass-Serre theory yiels the same result for amalgamated products and HNN extensions of groups satisfying Conditions 1-3. Example 4.19. Let G be a group satisfying Conditions 1-3. Then any extension of G by a finite group satisfies the same conditions. Indeed, suppose G is a finite index subgroup of a group G 0 , and let A be an abelian subgroup of G 0 . Then G ∩ A has finite index in A. Since by assumption G satisfies Condition 3, G ∩ A is finitely generated. It follows that A is finitely generated as well. 
Polycyclic groups
We next consider the Diophantine problem in polycyclic groups.
Theorem 4.22. Let G be a virtually polycyclic group that is not virtually metabelian. Then there exists a ring of algebraic integers O e-interpretable in G, and D(O) is reducible to D(G).
We introduce some terminology before proving this result. A class of groups is a set of isomorphism classes of groups (in this paper any group is identified with its isomorphism class). Given two classes of groups S and T we let their product ST be the class of all S-by-T groups, i.e. those groups G for which there exists a normal subgroup N such that N ∈ S and G/N ∈ T . A variety of groups V is a class of groups for which there exist finitely many words w i (x 1 , . . . , x n ), i = 1, . . . , m, on variables {x j | j}, such that K ∈ V if and only if w i (k 1 , . . . , k n ) = 1 for all k 1 , . . . , k n ∈ K and all i = 1, . . . , m. Theorem 21.51 of [35] states that (RS)T = R(ST ) for any three varieties of groups. We let A, E n , F denote the classes of all abelian groups, all groups of exponent n, and all finite groups, respectively. The first two are varieties, while the third is not. We claim that if otherwise N is virtually abelian, then G itself is virtually metabelian. The proof of the theorem will be complete once this claim is proved. We shall use two observations:
1. Virtually polycyclic groups of finite exponent are finite (this is well known for polycyclic groups, and so any such group is finite-by-finite).
2. Any normal subgroup or quotient of a virtually polycyclic group is again virtually polycyclic.
Now suppose N has an abelian normal subgroup A such that A/N is finite of order say n. Then H ∈ (AE n )A = A(E n A) (since the product of varieties is an associative operation). By Items 1 and 2 we obtain that H ∈ A(FA). Any finitely generated finite-by-abelian group is abelian-by-finite (to prove this statement use Theorem 4.25 of [41] to reduce it to the case when the group is finitely generated 2-nilpotent, and then apply our Lemma 2.8). Hence H ∈ A(AF). In particular H ∈ A(AE m ) for some m, and by the same reasons as before we have that H ∈ (AA)F. Thus G 0 ∈ ((AA)F)F, and again we obtain G 0 ∈ (AA)(FF) = (AA)F. Now the same argument yields G ∈ (AA)F.
We refer to the the introduction for comments regarding the Diophantine problem of polycyclic metabelian groups. See in particular Problem 1.6.
Free solvable-by-nilpotent groups
We finish the paper by studying systems of equations in finitely generated free solvableby-nilpotent groups 2 . These are precisely the groups of the form F/(γ c (F ) (d) ) for some f.g. free group F and some integers c ≥ 1 and d ≥ 1. The following auxiliary lemma is an immediate consequence of a result due to Malcev [27] . Proof. Let G = F/N ′ . By [27] we have that C G (gN ′ ) = N/N ′ for any gN ′ ∈ N/N ′ . Thus N/N ′ is e-definable in G, and consequently the quotient F/N is e-interpretable in G.
We start by studying free solvable groups. Proof. Proceed by induction on the derived length d of G. If d = 2 then G is a f.g. free metabelian group. In this case G is verbally elliptic and G/γ 3 (G) is a finitely generated free 2-nilpotent group e-interpretable in G (see Remark 2.9). By Theorem 4.7, the ring Z is e-interpretable in G/γ 3 (G), and thus in G by transitivity of e-interpretations. Now assume d ≥ 2. Note that G = F/F (d+1) for some free group F . Hence G/G (d) = F/F (d) is e-interpretable in G, by Lemma 4.23 taking N = F (d) . The quotient G/G (d) is a finitely generated free solvable group of derived length d − 1, einterpretable in G. Thus by induction the theorem holds for G/G (d) , and then it holds for G as well by transitivity of e-interpretations.
The previous results can be combined together to prove the following generalization of Theorems 4.7 and 4.24. 
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